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Group Representations

Given a finite group G, a representation is a complex vector
space V with a homomorphism ρ : G → GL(V ).

A G-invariant subspace of V is a subspace W ⊆ V such that
ρ(g)(W ) = W for all g ∈ G.

A representation (ρ,V ) is irreducible if the only G-invariant
subspaces of V are {0} and V .

The representation theory of groups is a key part and will be
used extensively throughout the project.
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Gelfand Pairs and Triple Products

A group G and a subgroup H is called a Gelfand pair if for any
irreducible representation (ρ,V ) of G,

dim{v ∈ V | ρ(h)(v) = v ∀h ∈ H} ≤ 1.

When A = GL2(F ), G = A × A × A, and H = {(g,g,g) | g ∈ A},
the pair (G,H) is usually a Gelfand pair.

Fact: When F = Fq it is not a Gelfand pair, as there exists an
irreducible representation (ρ,V ) of G such that
{v ∈ V | ρ(h)(v) = v ∀h ∈ H} has dimension two.
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Triple Product L-function

Given modular forms f ,g,h, define L-functions:

L(s, f ) =
∑

n≥1
an
ns , L(s,g) =

∑
n≥1

bn
ns , L(s,h) =

∑
n≥1

cn
ns .

Define the triple product L-function by

L(s, f ⊗ g ⊗ h) =
∑
n≥1

anbncn

ns .

The analytic properties (i.e. poles and zeros) of this function
are of deep interest in number theory and physics.
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Goals

In the case A = GL2(Fq), find a good basis for the
2-dimensional space preventing (G,H) from being a
Gelfand pair.

Calculate triple product L-functions in the case of finite
fields numerically with computer assistance in order to get
intuition for the analytic results.

Calculate triple product L-functions analytically.
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