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Modular Forms

A holomorphic function f : H → C is called a modular form of
weight k if

f (az+b
cz+d ) = (cz + d)k f (z) for

(
a b
c d

)
∈ SL2(Z), z ∈ H.

f satisifies certain growth properties.

This imples f has the Fourier expansion f (z) =
∑∞

n=0 ane2πinz .
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L-functions

Given a modular form f , define the L-function:

L(s, f ) =
∑

n≥1
an
ns ,

where an are the Fourier coefficients of f .

Dirichlet’s Theorem: For any coprime
integers a and d , there are infinitely many
primes in the sequence

a,a + d ,a + 2d ,a + 3d , ...
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Triple Product L-function

Define the triple product L-function by

L(s, f ⊗ g ⊗ h) =
∑
n≥1

anbncn

ns .

Ichino’s Theorem:
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∫

SL2(Z)\H
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(

1
2
, ϕ1 ⊗ ϕ2 ⊗ ϕ3

) ∏
p≤∞

Ip(ϕp),

where Ip(ϕp) is a local trilinear form.



Triple Product L-function

Define the triple product L-function by

L(s, f ⊗ g ⊗ h) =
∑
n≥1

anbncn

ns .

Ichino’s Theorem:

∣∣∣∣∣
∫

SL2(Z)\H
ϕ1ϕ2ϕ3

∣∣∣∣∣
2

=̇ L
(

1
2
, ϕ1 ⊗ ϕ2 ⊗ ϕ3

) ∏
p≤∞

Ip(ϕp),

where Ip(ϕp) is a local trilinear form.



Group Representations

Given a finite group G, a representation is a complex vector
space V with a homomorphism ρ : G → GL(V ).

A G-invariant subspace of V is a subspace W ⊆ V such that
ρ(g)(W ) = W for all g ∈ G.

A representation (ρ,V ) is irreducible if the only G-invariant
subspaces of V are {0} and V .

The representation theory of groups is a key part and is used
extensively throughout the project.
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GL2(Fq)

GL2(Fq) is the group of invertible 2x2 matrices with entries in
Fq.

Define the Borel subgroup of GL2(Fq) as the following:

B =
{(

α β
0 δ

)
| α, δ ∈ F∗

q, β ∈ Fq

}

A character χ of B is a one dimensional representation of B.

There is a standard way to extend a representation from a
subgroup to the whole group called induction.
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GL2(Fq) Representations

Irreducible representations of GL2(Fq):

Induced from characters from the Borel subgroup:
Irreducible representation of dimension q + 1
Direct sum of two irreducible representations of dimensions
q and 1.

Cuspidal representations of dimension q − 1
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Trilinear Forms

For some choice of irreducible representations π1, π2, π3 of
GL2(Fq), and some choice of vectors f1 ∈ Vπ1 , f2 ∈ Vπ2 ,
f3 ∈ Vπ3 , define the matrix coefficient by

Φ(g) = ⟨π1(g)f1, f̄1⟩⟨π2(g)f2, f̄2⟩⟨π3(g)f3, f̄3⟩

Then the trilinear form is

1
|GL2(Fq)|

∑
g∈GL2(Fq)

Φ(g)
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Progress

Function that computes π = IndGL2(Fq)
B χ given any

character χ of the Borel subgroup

G-invariant inner product, so satisfies

⟨v ,w⟩ = ⟨π(g)v , π(g)w⟩ v ,w ∈ Vπ,g ∈ G
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Progress

Finding the decomposition of IndGL2(Fq)
B χ into the q and 1

dimensional G-invariant subspaces
Eigenvectors
Orthogonal complement

Function that computes cuspidal representations
First attempted to use Whittaker model
Then implemented using the direct construction of the
cuspidal representations

Working with a student from the previous group, we used
this code to compute trilinear forms on a specific
combination of irreducible representations and formed a
conjecture which is now proved.
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Future Work

Continue with the computer-assisted calculations of the
trilinear forms.

Use the computer results to make conjectures about the
general formula for these trilinear forms.

Prove these conjectures.
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