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Introduction

This is a brief overview of the material needed to define the Morse
complex. The following can be found in [1] and is followed closely. The
author makes no claims of originality.
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(Un)Stable Manifolds

Let V be a compact n-manifold with Morse function f and adapted
pseudo-gradient X . Suppose a 2 Crit(f ) and 's is the flow of X . Then:

Definition
The stable manifold of a is

W
s(a) = {p 2 V : lim

s!1
's(p) = a}. (1)

The unstable manifold of a is

W
u(a) = {p 2 V : lim

s!�1
's(p) = a}. (2)

Note it can be shown that
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Example
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Morse-Smale Condition

The pair (f ,X ) satisfies the Morse-Smale condition if

This implies

Let M(a, b) = W
u(a) \W

s(b). Equivalently,

M(a, b) = (3)
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Unbroken Flow Lines

Lemma
R acts on M(a, b) by

The action is free if a 6= b.

Thus L(a, b) = M(a, b)/R is a manifold of dimension
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Example
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A Compactification of L(a, b)

Let
L(a, b) =

[

ci2Crit(f )

L(a, c1)⇥ · · ·⇥ L(cq�1, b). (4)

By inducing a topology on L(a, b) from the topology on V we may show
that the space is a compactification of L(a, b).
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A Topology on L(a, b): The Idea
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Arbitrary Chain Complex

Let R be a commutative ring, {Ai}ni=1 a set of R-modules, and A? the
sequence

· · · ! Ai
@i�! Ai�1 ! · · · . (5)

Definition
If @i�1@i = 0 then A? is called a chain complex.

Note that this is equivalent to

im @i ⇢ ker @i�1. (6)

Kenneth Blakey (Brown University ) Morse Homology May 27, 2021 11 / 18



Homology of a Chain Complex

Since ker @i�1 ⇢ im @i we have that the quotient group is well-defined:

Definition
The i-th homology group of the chain complex is the quotient group

Hi (A?) = ker @i/ im @i+1. (7)
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The Morse Complex

Let V be a compact n-manifold with Morse function f and adapted
pseudo-gradient X such that (f ,X ) is Morse-Smale.

Denote by Ck(f ) the free Z/2-vector space generated by the critical points
of f of index k .

Definition
The Morse complex is the sequence

where @X is defined on a critical point as
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The Morse Complex is a Complex

Let a, b 2 Crit(f ).
1 If ind(a) = ind(b) + 1 then

2 If ind(a) = ind(b) + 2 then
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The Morse Complex is a Complex Cont.
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Some Results

1 Morse homology is independent of the Morse-Smale pair (f ,X )

2 Morse homology is isomorphic to singular homology
3 Morse homology is a topological invariant
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