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What is a Knot?

A knot is an embedding S1 ↪→ S3 = R3 ∪∞.

A link is an embedding of a disjoint union S1 ∪ · · · ∪ S1 ↪→ S3.

Figure: Trefoil Knot Figure: Figure-Eight
Knot

Figure: Borromean
Rings: a 3-component
link

The source of the images is the Knot Atlas: http://katlas.org/wiki/
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Special Types of Knots

Torus knots:

Figure: T(9,5) Figure: T(11,4) Figure: T(17,3)

Pretzel Knots:

Figure: 41 Figure: 52 Figure: 62

The source of the images is the Knot Atlas: http://katlas.org/wiki/
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Why Knots are Important

Many things in the real world are
knotted - Applications in studying DNA

Knots are an early case of the
embedding problem.

Knots are very closely related to 3- and
4-dimensional manifolds.

Theorem

(Lickorish, Wallace): Every closed
3-dimensional manifold can be described in
terms of some link and an integer associated
to each component.

Figure: Solomon’s Knot
Square: a 2-component
link

The source of the image is the Knot Atlas: http://katlas.org/wiki/
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Knot Concordance

Definition

Two knots K1 and K2 are concordant if they cobound a smooth, properly
embedded cylinder in S3 × [0, 1].

Concordance is an equivalence relation.

We can study concordance invariants for knots.

Definition

A knot is considered slice if it is concordant to the unknot.
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Knot Concordance

n

Trefoil: K
-1

Figure-8: K
1

General: K
n

Figure 1: The Twist Knots

1. An ordinary nonsingular knot or link

2. A knot or link with singularities corresponding to one of

(a) Simple maximum or minimum

(b) Saddle point

Maximum Minimum Saddle Point

Example 1.7. Stevedore’s knot, otherwise known as 61 in the standard knot tables, is the simplest
slice knot (other than the unknot). The following “movie” shows how 3-spheres move through the
slice disc:

The slice disc is shown schematically below - of course in reality this is a knotted disc in 4-space:

3

Figure: The Stevedore Knot is slice.

saddle point

minima

Example 1.8. Another example of a slice knot is the 8-crossing knot 88. Here is the corresponding
slice ‘movie’:

Definition 1.9. A ribbon disc is a slice disc without local maxima.

To construct a ribbon knot, start with an unlink (which corresponds to local minima; we can
arrange the disk so that these come first, then the saddles). Now add bands connecting them until
the result is a knot/disc. Then local ribbon singularities are the only self-intersections, as opposed
to clasp singularities.

The ribbon disc is the image α(D2) of a mapping α : D2 → R3 whose only singularities are of
the following form. Each component of the singular set is the image of a pair of closed intervals in
D2, one with endpoints on the boundary of D2 and one entirely interior to D2.

We can locally resolve a ribbon singularity into 4-space to get back a slice disc. See Figure 2,
where the cross-hatched parts can be pushed off S3 into D4 to remove the self-intersections. This
does not work for clasp singularities.

Fact. Every ribbon knot is a slice knot.

The following is a famous unsolved conjecture of Fox.

Conjecture 1.10. Every slice knot is a ribbon knot.

Note that this is about smooth knots. Any ribbon knot is smoothly slice, since we used Morse
theory to get a handle decomposition of the slice disc. As we shall see below there are knots which
are topologically slice but not smoothly slice, so in particular these cannot be ribbon.

4

Figure: Another
representation of the
sequence above

The source of the images is Slice Knots: Knot Theory in the 4th Dimension by Peter
Teichner (2010).
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The Chain Complex CFK∞

To each knot K we can associate the complex CFK∞(K ) which contains
extensive geometric information about the knot.

Figure: CFK∞(K ) for
the right-handed trefoil
knot

Source of the figure: A Survey on Heegaard Floer Homology and Concordance by
Jennifer Hom (2017).
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The Automorphism ιK

Definition

ιK : CFK∞(K )→ CFK∞(K )

An automorphism on CFK∞(K ) that
preserves the structure of the complex.

Usually close to a reflection over the
line i = j .

Contains interesting 4-dimensional data.

Can detect the fact that the
figure-eight knot isn’t slice.

Figure: The figure-eight
knot

The source of the image is the Knot Atlas: http://katlas.org/wiki/
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What Knots We Considered

ιk has been computed for

Torus knots

Alternating knots

Some pretzel knots (previous REU)

We computed ιk and the corresponding
involutive concordance invariants for

(1,1)-knots (for which ιk hadn’t been
computed yet) Figure: The pretzel knot

P(−2, 3, 7)

The source of the image is: https://wikipedia.org/wiki/(-2,3,7) pretzel knot
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Example: 10161

Figure: The knot 10161 represented by the 4-tuple (6, 4,−3,−1)

Figure source: Geometry of (1 , 1)-Knots and Knot Floer Homology by Racz

Antal, Pritchard Knot Invariants 2021 11 / 21



Example: CFK∞ for 10161

Figure: CFK∞ for 10161.
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The Concordance Invariant V0

V0 can be easily computed in an algorithmic way.

Definition

We define the chain complex A−0 by

A−0 = C{(i , j) : i , j ≤ 0}.

Definition

The concordance invariant V0 is given by

V0 = −1

2
max {r : ∃x ∈ Hr (A−0 ) such that Unx 6= 0 for all n }.
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Computing V0 for 10161

We find the grading of the topmost element in the tower built from the
homology of the complex.

Results: V0(10161) = 0, V0(10161) = 1
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The Involutive Concordance Invariants V 0 and V 0

V 0 and V 0 are in general more difficult to compute than V0, because they
first require the computation of ιK .

Definition

Let AI−0 be the mapping cone Cone(A−0
ιK+Id−−−−→ QA−0 ). Then, the

involutive concordance invariants V 0 and V 0 are given by:

V 0 = −1

2

(
max {r : ∃x ∈ Hr (AI

−
0 ) s.t. Unx 6= 0 and Unx /∈ Im(Q) ∀n} − 1

)
.

V 0 = −1

2
max {r : ∃x ∈ Hr (AI

−
0 ) s.t. Unx 6= 0 ∀n,∃m ≥ 0 s.t. Umx ∈ Im(Q)}.

Im(Q) denotes the image of Q.
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Computing the Involutive Concordance Invariants for 10161

The mapping cone Cone(A−0
ιK+Id−−−−→ QA−0 ) is shown below:
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The Homology of the Complex

We find the grading of the topmost element of each of the two towers
built from the homology of the mapping cone.

V 0(10161) V 0(10161) V 0(10161) V 0(10161)

0 -1 1 1
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Results Table

K V0(K) V 0(K) V 0(K) V0(K) V 0(K) V 0(K)

10128 1 1 1 0 0 -1

10132 0 0 -1 1 1 1

10136 0 0 0 0 0 0

10139 2 2 1 0 0 -2

10145 0 0 -1 1 1 1

11n12 1 1 1 0 0 -1

11n19 1 1 1 0 0 -1

11n20 0 0 0 0 0 0

11n38 0 0 -1 1 1 1

11n57 1 2 1 0 0 -1

11n61 1 1 0 0 0 0

11n79 0 0 0 0 0 0

11n96 0 0 -2 2 2 2

Antal, Pritchard Knot Invariants 2021 18 / 21



Further Results

We verified the diagrams for the 26 11- and 12-crossing (1,1)-knots
listed in Geometry of (1,1)-Knots and Knot Floer Homology by Racz.

We identified three which were incorrect.

Rasmussen’s Knot Polynomials and Knot Homologies contained a
correction for 12n749.

We corrected 12n404 by narrowing down the possibilities based on
some knot invariants.
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A Unique Example

An example of one of the most complicated complexes we found:

Figure: CFK∞(11n61)
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